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Abstract. This paper is a continuation of our work in [24], wherein we studied some
approximation properties of the Stancu-Durrmeyer operators based on q-integers. Here,
we construct a bivariate generalization of these operators and study the rate of convergence
by means of the complete modulus of continuity and the partial moduli of continuity and
the degree of approximation with the aid of Peetre’s K functional. Subsequently, we define
the GBS (Generalized Boolean Sum) operators of Stancu-Durrmeyer type and give the rate
of approximation by means of the mixed modulus of smoothness and the Lipschitz class of
Bögel-continuous functions.
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1. Introduction
In the last decade, the application of q-calculus in the field of approximation theory
has been an active research area. In 1987, Lupas [23] initiated the study of q-
analogue of classical Bernstein polynomials. Later, Phillips [28] proposed another q-
generalization of Bernstein polynomials and established the rate of convergence and
Voronovskaja type asymptotic formula for these operators. Subsequently, researchers
introduced q-analogues of several linear positive operators. For some significant
contributions in this direction we refer to (cf. [1, 3, 16, 20, 21, 22, 25, 32, 36]).
In 2009, for any function f ∈ C[0, 1], q > 0, α = α(n) ≥ 0 (α(n) → 0, as n → ∞)
and each n ∈ N Nowak [26] defined the q-analogue for the operators defined by
Stancu [34] as









, x ∈ [0, 1], (1)
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Recently, Neer and Agrawal [24] introduced the Durrmeyer type integral modifica-
tion for the operators (1) as















tk(1 − qt)n−kq ,
and investigated some approximation properties.
Now, we propose a two-dimensional case of the operators (2). Let I = [0, 1],
I2 = I × I and C(I2) denote the class of all real valued continuous functions on I2
endowed with the norm ||f || = sup
(x,y)∈I2
|f(x, y)|. Then, for f ∈ C(I2), the bivariate
q-Stancu-Durrmeyer type operators of (2) is defined as
D
αn1 ,αn2
n1,n2 (f ; qn1 , qn2 , x, y)
























(s)f(t, s)dqn1 tdqn2 s, for all (x, y) ∈ I
2.
We study the degree of approximation of these operators and the associated GBS
operators.
2. Auxiliary results
Lemma 1 (see [24]). For Dαn(t
m; q;x), m = 0, 1, 2, one has
(i) Dαn(1; q;x) = 1;





2; q;x) = 1[n+2]q[n+3]q
{








(a) Dαn(t− x; q;x) = 1[n+2]q +
1
[n+2]q
(q[n]q − [n+ 2]q)x;


















− 2q[n]q[n+2]q + 1
}
x2.
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Lemma 2. For D
αn1 ,αn2
n1,n2 (eij ; q1, q2, x, y), eij = x




n1,n2 (e00; qn1 , qn2 , x, y) = 1;
(ii) D
αn1 ,αn2
n1,n2 (e10; qn1 , qn2 , x, y) =
1
[n1+2]qn1
(1 + qn1 [n1]qn1x);
(iii) D
αn1 ,αn2
n1,n2 (e01; qn1 , qn2 , x, y) =
1
[n2+2]qn2
(1 + qn2 [n2]qn2 y);
(iv) D
αn1 ,αn2











































































Lemma 3. (i) D
αn1 ,αn2




− [n+ 2]qn1 )x;
(ii) D
αn1 ,αn2
n1,n2 (s− y; qn1 , qn2 , x, y) = 1[n2+2]qn2 +
1
[n2+2]qn2
(qn2 [n2]qn2 − [n+ 2]qn2 )y;
(iii) D
αn1 ,αn2

















q3n1 [n1]qn1 ([n1]qn1 −1)
[n1+2]qn1 [n1+3]qn1 (1+αn1 )



























164 T.Neer, A.M.Acu and P.Agrawal
3. Main results



















n2 ((s− y)2; qn2 , y).
(4)
Let ei,j = t
isj , i, j ∈ N ∪ {0}.
Theorem 1 (see [35]). Let I1 and I2 be two compact intervals of the real line. Let
Tn1,n2 with (n1, n2) ∈ N× N be linear positive operators on C(I1 × I2) such that
lim
n1,n2→∞




Tn1,n2(e20 + e02) = e20 + e02
uniformly on I1 × I2 Then (Tn1,n2f) converges uniformly to f on I1 × I2, for any
f ∈ C(I1 × I2).
As a consequence of the above theorem and Lemma 2, we have the following
theorem.
Theorem 2. The sequence of bivariate q-Stancu-Durrmeyer operators
D
αn1 ,αn2
n1,n2 (f ; qn1 , qn2 , x, y) converges uniformly to f(x, y), for any f ∈ C(I2).
Now we give some numerical results which show the rate of convergence of the
operator D
αn1 ,αn2
n1,n2 to certain functions using Maple algorithms.
Example 1. Let f : R2 → R, f(x, y) = x2y2 + x3y − 2x4. The convergence of the
operator D
αn1 ,αn2
n1,n2 to the function f is illustrated in Figure 1 for n1 = n2 = 10, qn1 =
qn2 = 0.3, αn1 = αn2 = 0.2 and n1 = n2 = 100, qn1 = qn2 = 0.9, αn1 = αn2 = 0.2,
respectively. We note that as the values of n1 and n2 increase and the values of qn1
and qn2 are close to 1, the error in the approximation of the function by the operator
becomes smaller.
Also, for n1 = n2 = 100, qn1 = qn2 = 0.9, the convergence of the operator
D
αn1 ,αn2
n1,n2 to the function f is illustrated in Figure 2 with respect to parameters αn1
and αn2 . It should be noted that as the values of αn1 and αn2 are close to 0, the
error in the approximation of the function by the operator becomes smaller.
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Figure 1: The convergence of D
αn1 ,αn2
n1,n2




(f ; 0.9, 0.9; x, y), black D0.2,0.2
10,10
(f ; 0.3, 0.3; x, y))
Theorem 3. Let f ∈ C1(I2) and (x, y) ∈ I2. Then we have
|Dαn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)− f(x, y)| ≤ ||f ′x||δ
αn1











(x) are defined in (4).
Proof. For a fixed point (x, y) ∈ I2






f ′v(x, v)dv. (6)
Applying D
αn1 ,αn2
n1,n2 to the above equation (6), we get


























































≤ ||f ′y|||s− y|, we have
|Dαn1 ,αn2n1,n2 (f ; qn1, qn2, x, y)−f(x, y)| ≤ ||f ′x||D
αn1
n1 (|t−x|; qn1,x)+||f ′y||D
αn2
n2 (|s−y|; qn2,y).
Now applying the Cauchy-Schwarz inequality and Lemma 1,
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Figure 2: The convergence of D
αn1 ,αn2
n1,n2
(f ; qn1 , qn2 , x, y) to f(x, y), for qn1 = qn2 = 0.9, n1 =













Table 1: Error of approximation for D
αn1 ,αn2
n1,n2
This completes the proof.
Example 2. Let f ∈ C1(I2). Considering n1 = n2 = 10 and αn1 = αn2 = 0.2,
in Table 1 we compute the error of approximation of f(x, y) = x2y2 + x3y − 2x4 by
using relation (5).
For f ∈ C(I2), the total modulus of continuity [2] is given by
ω̄(f ; δ1, δ2) = sup
{




ω̄(f ; δ1, δ2) = sup
{
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(i) ω̄(f ; δ1, δ2) → 0, if δ1 → 0 and δ2 → 0;











Further, the partial moduli of continuity with respect to x and y are defined as
ω1(f ; δ) = sup
{




ω2(f ; δ) = sup
{






f ∈ C(I2) : fxx, fxy, fyx, fyy ∈ C(I2)
}
,
equipped with the norm



























For f ∈ C(I2), the appropriate Peetre’s K−functional is defined by
K(f ; δ) = inf
g∈C2(I2)
{||f − g||+ δ||g||}, δ > 0.
Also,




δ) + min(1, δ)||f ||
}
,
where M is a constant independent of δ and f and ω̄2(f ;
√


















(x, y), (x + 2h, y + 2k) ∈ J2, |h| ≤ δ, |k| ≤ δ
}
.
Theorem 4. For f ∈ C(I2) and each (x, y) ∈ I2, there follows:











Proof. In view of property (ii) of the total modulus of continuity and Lemma 2,
we have
|Dαn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)− f(x, y)|




























n2 (|s− y|; qn2 , y)
)
.
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Now applying the Cauchy-Schwarz inequality, we get
|Dαn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)− f(x, y)|































n2 ((s− y)2; qn2 , y)
)
. (7)
Considering (4) from the above inequality, the desired result follows easily.
Theorem 5. Let f ∈ C(I2) and (x, y) ∈ I2. Then,















Proof. Using the definition of the partial moduli of continuity and the Cauchy-
Schwarz inequality,
|Dαn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)− f(x, y)|
≤ Dαn1 ,αn2n1,n2 (|f(t, s)− f(x, y)|; qn1 , qn2 , x, y)
≤ Dαn1 ,αn2n1,n2 (|f(t, s)− f(t, y)|; qn1 , qn2 , x, y)
+D
αn1 ,αn2
n1,n2 (|f(t, y)− f(x, y)|; qn1 , qn2 , x, y)
≤ Dαn1 ,αn2n1,n2
(






ω2(f ; |s−y|); qn1, qn2, x, y
)

























n2 (|s− y|; qn2 , y)
}


























n2 ((s− y)2; qn2 , y)
)1/2}
.
Thus, we get the desired result.
In our next result we establish the rate of approximation of the Stancu-Durrmeyer
type operators to the function f ∈ C(I2) by means of Peetre’s K-functional.
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Theorem 6. For the function f ∈ C(I2), we have









n1,n2 (qn1 , qn2 , x, y)
)








































(1 + qn2 [n2]qn2 y)− y
)2}
,
and the constant M > 0 does not depend onf and A
αn1 ,αn2
n1,n2,p (qn1 , qn2 , x, y).
Proof. Let us define an auxiliary operator
D
∗αn1 ,αn2
n1,n2 (f ; qn1 , qn2 , x, y)
= D
αn1 ,αn2





(1 + qn1 [n1]qn1x),
1
[n2 + 2]qn2
(1 + qn2 [n2]qn2y)
)
.
Then using Lemma 3, we have
D
∗αn1 ,αn2
n1,n2 (1; qn1 , qn2 , x, y) = 1,
D
∗αn1 ,αn2
n1,n2 (t− x; qn1 , qn2 , x, y) = 0,
D
∗αn1 ,αn2
n1,n2 (s− y; qn1 , qn2 , x, y) = 0.
For any g ∈ C2(I2) and t, s ∈ I, by Taylor’s theorem











































dv; qn1 , qn2 , x, y
)



















































































































































































































































n1,n2 (qn1 , qn2 , x, y)||g||C2(I2). (8)
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Also,
|D∗αn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)|




















≤ 3||f ||. (9)
Hence for any g ∈ C2(I2), in view of (8) and (9), we get













(1 + qn1 [n1]qn1x),
1
[n2 + 2]qn2







≤ |D∗αn1 ,αn2n1,n2 (f − g; qn1 , qn2 , x, y)|+ |D
∗αn1 ,αn2
n1,n2 (g; qn1 , qn2 , x, y)− g(x, y)|










(1 + qn1 [n1]qn1x),
1
[n2 + 2]qn2






































































n1,n2 (qn1, qn2, x, y)
)


















which is the desired conclusion.
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4. A Voronovskaya-type theorm
Lemma 4. Assume that 0 < qn < 1, qn → 1 and qnn → a, a ∈ [0, 1) as n → ∞. If
lim
n→∞
αn = 0 and lim
n→∞























= 3x2(1−x)2l(l+ 4)+x2(1−x)(7x2−7x+5). (11)



















= (2 + l)x− x2 + lim
n→∞
[n]qn



















= (l + 2)x(1− x).
Relation (11) is obtained in a similar way using Lemma 1 and Lemma 3.2 ([27]).




and (qn)n be a sequence in the interval (0, 1) such that
qn → 1 and qnn → a, a ∈ [0, 1) as n → ∞. If lim
n→∞
αn = 0 and lim
n→∞
nαn = l ∈ R,





Dαn,αnn,n (f ; qn, qn, x, y)− f(x, y)
}
= [1− (a+ 1)x]f ′x(x, y) + [1− (a+ 1)y]f ′y(x, y) +
l + 2
2
{x(1 − x)f ′′x2(x, y)
+y(1− y)f ′′y2(x, y)
}
.
Proof. For (x0, y0) ∈ I2, by Taylor’s formula it follows
f(t, s) =f(x0, y0) + f
′









(t− x0)2 + (s− y0)2
)
,
where (t, s) ∈ I2 and lim
(t,s)→(x0,y0)
ϕ(s, t) = 0.
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From the linearity of Dαn,αnn,n , we have
Dαn,αnn,n (f(t, s); qn, qn, x0, y0)




n,n (t− x0; qn, qn, x0, y0)
+ f ′y(x0, y0)D
αn,αn







n,n ((t− x0)2; qn, qn, x0, y0)
+ 2f ′′xy(x0, y0)D
αn,αn
n,n ((t− x0)(s− y0); qn, qn, x0, y0)
+ f ′′y2(x0, y0)D
αn,αn






(t− x0)2 + (s− y0)2
)
; qn, qn, x0, y0
)











n ((t− x0)2; qn, x0) + f ′′y2(x0, y0)Dαnn ((s− y0)2; qn, y0)
+2f ′′xy(x0, y0)D
αn






(t− x0)2 + (s− y0)2
)
; qn, qn, x0, y0
)
.






(t− x0)2 + (s− y0)2
)


































(s− y0)4; qn, qn, x0, y0
)}1/2
.





ϕ2(t, s); qn, qn, x0, y0
)
= ϕ2(x0, y0) = 0,









(t− x0)2 + (s− y0)2
)
; qn, qn, x0, y0
)
= 0.
The theorem is proved by applying Lemma 4.
5. Construction of q-GBS operators of Stancu-Durrmeyer type
In [11] and [12], Bögel introduced a new concept of Bögel-continuous (B-continuous)
functions and established some significant results. Dobrescu and Matei [15] proved
the convergence of the Boolean sum of bivariate generalization of Bernstein poly-
nomials to the B-continuous function on a bounded interval. Badea and Cottin [5]
obtained Korovkin theorems for GBS operators. After that, Pop [29] introduced
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Voronovoskaja-type theorems for certain GBS operators. For further contribution
by researchers in this direction, we refer to (cf.[8, 9, 10, 17, 18, 19, 30, 31, 33], etc.).
Following [13], a function f : E×F → R is said to be B-continuous at (x0, y0) ∈
E × F, where E and F are compact subsets of R if
lim
(x,y)→(x0,y0)
∆f [(x, y); (x0, y0)] = 0,
where
∆f [(x, y); (x0, y0)] = f(x, y)− f(x0, y)− f(x, y0) + f(x0, y0)
denotes the mixed difference of f .




∆f [(x, y); (x0, y0)]
(x− x0)(y − y0)
exists and is finite. This limit is called B-differential of f at the point (x0, y0) and
is denoted by Dbf(x0, y0).
The function f : A ⊂ E × F → R is called B-bounded on A if we can find a
constant M > 0 such that |∆f [t, s;x, y]| ≤ M, ∀(x, y), (t, s) ∈ A. In case A ⊂ R2 is
compact, it follows that each B-continuous function on A is a B-bounded function.
In what follows, let Bb (A) , be the class of all B-bounded functions on A. We denote
by Cb (A) and Db (A) the spaces of all B-continuous functions and B differentiable
functions on A, respectively. Further, let B (A) and C (A) be the spaces of all
bounded functions and continuous functions on A, respectively, endowed with the
sup-norm ‖.‖
∞
. Clearly, C (A) ⊂ Cb (A).
Theorem 8 (see [6]). Let (Ln1,n2), Ln1,n2 : Cb(A) → B(A), n1, n2 ∈ N be a
sequence of bivariate linear positive operators, Gn1,n2 GBS-operators associated to
Ln1,n2 and let the following conditions be satisfied
(i) Ln1,n2(e00;x, y) = 1
(ii) Ln1,n2(e10;x, y) = x+ un1,n2(x, y)
(iii) Ln1,n2(e01;x, y) = y + vn1,n2(x, y)
(iv) Ln1,n2(e20 + e02;x, y) = x
2 + y2 + wn1,n2(x, y)
for all (x, y) ∈ A. If the sequences (un1,n2), (vn1,n2) and (wn1,n2) converges to zero
uniformly on A, then the sequence (Gn1,n2f) converge to f uniformly on A for all
f ∈ Cb(A).





ωmixed (f ; δ1, δ2) := sup {|∆f [t, s;x, y]| : |x− t| < δ1, |y − s| < δ2} ,
for all (x, y), (t, s) ∈ I2 and for any (δ1,δ2) ∈ (0,∞)× (0,∞) with ωmixed : [0,∞)×
[0,∞) → R.
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For the properties of ωmixed we refer to papers [5] and [7]. For any f ∈ Cb(I2) and
n1, n2 ∈ N, the GBS operator associated with Dαn1 ,αn2n1,n2 is given by
G
αn1 ,αn2
n1,n2 (f ; qn1 , qn2 , x, y) = D
αn1 ,αn2
n1,n2 (f(t, y) + f(x, s)− f(t, s); qn1 , qn2 , x, y),
for all (x, y) ∈ I2. Alternately,
G
αn1 ,αn2
n1,n2 (f ; qn1 , qn2 , x, y)

























(s)[f(t, y) + f(x, s)− f(t, s)]dqn1 tdqn2 s. (12)
Evidently, the operator G
αn1 ,αn2
n1,n2 is a linear operator.
Example 3. Let f(x) = x3y3 + 3x2y − 2y4, n1 = n2 = 50, αn1 = αn2 = 0.1,
qn1 = qn2 = 0.9. In Figure 3, we compare the q-Stancu-Durrmeyer operator and
its GBS-type operator. We note that G
αn1 ,αn2
n1,n2 gives a better approximation than the
operator D
αn1 ,αn2





n1,n2 at certain points.














Theorem 9 (see [7]). Let L : Cb(A) → Cb(A) be a bivariate linear positive operator
and G : Cb(A) → Cb(A) be associated GBS-operator. Then
|G(f ;x, y)− f(x, y)| ≤ |f(x, y)||L(1;x, y)− 1|+ {L(1;x, y)
+δ−11
√







L((s−y)2;x, y)}ωmixed(f ; δ1, δ2),
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x y |(D
αn1 ,αn2
n1 ,n2 (f ; qn1 , qn2 ; x, y) |(G
αn1 ,αn2
n1,n2 (f ; qn1 , qn2 ;x, y)
−f(x, y)| −f(x, y)|
0.1 0.1 0.0008661426 0.0150800080
0.1 0.2 0.0356938734 0.0133166036
0.1 0.4 0.1607531616 0.0089474496
0.1 0.5 0.2300166971 0.0061010298
0.1 0.6 0.2819979805 0.0026529348
0.2 0.5 0.1803563457 0.0094698811
0.2 0.6 0.2267702167 0.0033050660
0.6 0.1 0.2396496598 0.0656001107
0.6 0.2 0.2046883968 0.0617182500
0.7 0.1 0.3621377633 0.0689935569
0.7 0.2 0.3185327583 0.0656191341
0.7 0.3 0.2511961928 0.0611420405
0.8 0.1 0.5408351349 0.0571732421
0.8 0.2 0.4855005567 0.0546858009
0.8 0.3 0.4044064178 0.0514608256
0.9 0.1 0.7979254620 0.0162967181
0.9 0.2 0.7277334820 0.0151054460






for all f ∈ Cb(A), (x, y) ∈ A and δ1, δ2 > 0.
Theorem 10. Let f ∈ Cb(I2) and (x, y) ∈ I2. Then





Proof. Applying Theorem 9, we have
|Gαn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)− f(x, y)|
≤ |f(x, y)||Gαn1 ,αn2n1,n2 (1; qn1 , qn2 , x, y)− 1|+ {G
αn1 ,αn2





















n1,n2 ((s− y)2; qn1 , qn2 , x, y)}ωmixed(f ; δ1, δ2).
Now choosing δ1 = δ
αn1
n1,qn1
(x) and δ2 = δ
αn2
n2,qn2








: |∆f [t, s;x, y]| ≤ M |t−x|β |s−y|γ , for (t, s) , (x, y) ∈ I2
}
,
β, γ ∈ (0, 1], be the Lipschitz class for B-continuous functions.
Theorem 11. Let f ∈ LipM(β, γ) and (x, y) ∈ I2. Then for M > 0, β, γ ∈ (0, 1],
we have
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Proof. By the definition of G
αn1 ,αn2
n1,n2 , we may write
G
αn1 ,αn2
n1,n2 (f ; qn1 , qn2 , x, y)
= D
αn1 ,αn2
n1,n2 (f(x, s) + f(t, y)− f(t, s); qn1 , qn2 , x, y)
= D
αn1 ,αn2
n1,n2 (f(x, y)−∆f [t, s;x, y]; qn1 , qn2 , x, y)
= f(x, y)D
αn1 ,αn2
n1,n2 (e00; qn1 , qn2 , x, y)−D
αn1 ,αn2
n1,n2 (∆f [t, s;x, y]; qn1 , qn2 , x, y).
Hence,
|Gαn1 ,αn2n1,n2 (f ; qn1 , qn2 , x, y)− f(x, y)|
≤ Dαn1 ,αn2n1,n2 (|∆f [t, s;x, y]|; qn1 , qn2 , x, y)
≤ MDαn1 ,αn2n1,n2 (|t− x|β |s− y|γ ; qn1 , qn2 , x, y)
= MD
αn1
n1 (|t− x|β ; qn1 , x, )D
αn2
n2 (|s− y|γ ; qn2 , x).
Applying Hölder’s inequality with p1 = 2/β, q1 = 2/ (2− β) and p2 = 2/γ, q2 =
2/ (2− γ) , we have


























Theorem 12. Let f ∈ Db(I2) with DBf ∈ B(I2). Then, for each (x, y) ∈ I, we
have















Proof. Since f ∈ Db(I2) and DBf ∈ B(I2), then from
DBf(x, y) = lim
(x,y)→(x0,y0)
∆f [(t, s); (x, y)]
(t− x)(s − y)
it follows that
∆f [t, s;x, y] = (t− x)(s − y)DBf(ξ, η),
where ξ, η lie between t and x and s and y, respectively.
Since DBf ∈ B(I2) and using the following relation
DBf(ξ, η) = ∆DBf(ξ, η) +DBf(ξ, y) +DBf(x, η)−DBf(x, y),
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we obtain
|Dαn1 ,αn2n1,n2 (∆f [t, s;x, y]; qn1 , qn2 , x, y)|
= |Dαn1 ,αn2n1,n2 ((t− x)(s − y)DBf(ξ, η); qn1 , qn2 , x, y)|
≤ Dαn1 ,αn2n1,n2 (|t− x||s− y||∆DBf(ξ, η)|; qn1 , qn2 , x, y)
+D
αn1 ,αn2
n1,n2 (|t− x||s− y|(|DBf(ξ, y)|
+ |DBf(x, η)| + |DBf(x, y)|); qn1 , qn2 , x, y)
≤ Dαn1 ,αn2n1,n2 (|t−x||s−y|ωmixed(DBf ; |ξ−x|, |η−y|); qn1 , qn2 , x, y)
+ 3 ||DBf ||∞ Dαn1 ,αn2n1,n2 (|t− x||s− y|; qn1 , qn2 , x, y).
Using the basic properties of ωmixed, we have
ωmixed(DBf ; |ξ − x|, |η − y|) ≤ ωmixed(DBf ; |t− x|, |s− y|)
≤ (1+δ−1n1 |t−x|)(1+δ−1n2 |s−y|) ωmixed(DBf ; δn1, δn2).
Hence applying the Cauchy-Schwarz inequality, we get
|Gαn1 ,αn2n1,n2 f ; qn1 , qn2 , x, y − f(x, y)|










n1,n2 (|t− x||s− y|; qn1 , qn2 , x, y)
+ δ−1n1 D
αn1 ,αn2
n1,n2 ((t− x)2|s− y|; qn1 , qn2 , x, y)
+ δ−1n2 D
αn1 ,αn2





n1,n2 ((t− x)2(s− y)2; qn1 , qn2 , x, y)
)


























n1,n2 ((t− x)2(s− y)2; qn1 , qn2 , x, y)
)
ωmixed(DBf ; δn1 , δn2).
We observe that for (x, y), (t, s) ∈ I and i, j ∈ {1, 2}
D
αn1 ,αn2
n1,n2 ((t−x)2i(s−y)2j; qm, qn, x, y) = Dα1n1 ((t−x)
2i; qm, x, y)D
α2
n2 ((s−y)
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we obtain the desired result.
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